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It is proved that for a BanachLie algebra L the BakerCampbellHausdorff
series converges for any pair a, b # L if and only if for each c # L the adjoint
operator adc is quasi-nilpotent.  1998 Academic Press
1. INTRODUCTION
For a Banach space X let B(X ) denote the Banach algebra of all con-
tinuous endomorphisms of X. If A # B(X ) we denote by _(A) the spectrum
of A and by \(A) the spectral radius of A. A is said to be quasinilpotent
if _(A)=[0] or equivalently if limn  (&An&)1n=0.
A normed (Banach) Lie algebra L (shortly, a BL algebra) is a normed
(Banach) space and a Lie algebra with the Lie bracket L_L % (a, b) 
[a, b] # L, which is continuous in the norm topology of L. Let L be a BL
algebra. For a # L define ada # B(L) by the formula ada(b)=[a, b].
Definition 1. A BL algebra L is said to be quasinilpotent if ada is
quasinilpotent for each a # L.
Remark 2. Note that Lie algebra L is nilpotent if for some fixed integer
n and each choice of a1 , a2 , ..., an # L,
ada1 b ada2 b } } } b adan=0 (V)
In particular, (*) implies that for L nilpotent, ada is nilpotent for each
a # L. It follows that in the category of BL algebras, the notion of a quasi-
nilpotent algebra naturally generalizes the notion of a nilpotent one. This
generalization is nontrivial, e.g., any BL subalgebra of B(X ) composed of
quasinilpotent operators is quasinilpotent (cf., [10]), but in general it is
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not nilpotent. Observe also that, due to the Engel theorem, for finite
dimensional Lie algebras the two notions coincide.
It is known that for a BanachLie group, G, the group multiplication in
exponential coordinates is locally described by the BakerCampbell
Hausdorff series. For nilpotent G almost all the terms of this series vanish,
hence the series converges for any two elements of the Lie algebra of G.
The aim of this article is to prove that such global convergence of the
BakerCampbellHausdorff series is in fact equivalent to generalized
nilpotency of adjoint representation.
Theorem. Let L be a real BanachLie algebra. The BakerCampbell
Hausdorff series converges for each pair of elements of L if and only if L is
quasinilpotent.
Observe that both propertiesglobal convergence of the BCH series
and the quasinilpotency of algebraare invariant under the procedures of
complexification and of reduction of the base field from complex to real.
This enables us to restrict our attention to only complex algebras, for
which the metric definition of quasinilpotency has additional spectral inter-
pretations.
2. BCH BANACHLIE ALGEBRAS
The BakerCampbellHausdorff series is the real power series of non-
commutative formal variables x and y which is obtained as the composi-
tion 3=W b Z, where
W(z)=log(1+z)= :

n=1
(&1)n+1
zn
n
and
Z(x, y)=exe y&1= :
j+k1
s j
j !
yk
k!
.
Gathering together terms with given order, we obtain
3(x, y)= :

m=1
3m(x, y) (1)
where 3m(x, y) is the (finite) sum of all homogeneous terms of order m.
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We shall also consider W b Z ordered in a double series as
0(x, y)= :

j, k=1
0j, k(x, y), (2)
where 0j, k(x, y) denotes the sum of all terms in W b Z which are of order
j with respect to x and of order k with respect to y, so that
3m= :
j+k=m
0j, k(x, y). (3)
One of the cornerstones of the Lie theory is an observation, (cf., [2]),
that each 3m (as well as each 0k, j) is a Lie polynomial, i.e., it may be
expressed as a finite linear combination of m-fold commutators (with
m=k+ j in the case of 0k, j) of x and y. In particular, 31(x, y)=x+ y
and 32(x, y)= 12 (xy& yx).
Let L be a topological Lie algebra and a, b # L. Substituting a for x and
b for y in (1) (resp in (2)) and replacing the commutators by Lie brackets
in L we obtain the evaluated series 3(a, b), (resp. 0(a, b)), with the terms
3m(a, b), (resp 0k, j (a, b)), in L.
It is known [2, 4] that for a BL algebra L which is normed in such a
way that
&[a, b]&&a& }&b&,
it holds that
:

j, k=1
&0j, k(a, b)&, (4)
for a, b # Q, where
Q=[(a, b) # L_L : (&a&+&b&)ln2].
In particular the evaluated series 3(a, b) converges absolutely in the
domain Q and the function
L_L % (a, b)  a b b :=3(a, b) # L
is jointly continuous and defines a local Lie group structure on Q.
Definition 3. A BL algebra L is said to be BakerCampbell
Hausdorff (shortly, BCH) if for each pair a, b # L the evaluated series
3(a, b) converges.
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Proposition 4. The following conditions are equivalent.
(i) L is BCH.
(ii) For each pair a, b of the elements of L,
:

j, k=1
&0j, k(a, b)&.
Proof. The implication (ii) O (i) is obvious.
We shall prove the converse implication. Fix a, b # L. We claim that
there exist C>0 such that for n=1, 2, ...,
(max( |s|, |t| )2) O (&3n(sa, tb)&C). (5)
Before we prove (5) observe that it yields the needed conclusion. In fact,
for j+k=n,
0j, k(a, b)=
1
(2?i)2 | |s|=2 ||t|=2
3n(sa, tb)
s j+1tk+1
ds dt,
and (5) implies the estimate
&0j, k(a, b)&
C
2 j+k
,
which clearly gives (4).
Observe next that (5) results from the following lemma contained
implicitely in [5, p. 72].
Lemma. Let (aj, k) j=, k=j=1, k=1 be a complex valued matrix. Let
hn(s, t)=\ :j+k=n aj, ks
jtk+ .
If the series n=1 hn(s, t) converges for each complex s and t, then
sup [ |hn(s, t)|: max( |s|, |t| )2 n=2, 3, ...]<.
To see that the Lemma implies (5) suppose that (5) does not hold, i.e.,
that
&3nm(sma, tmb)&  
for some increasing sequence n1<n2< } } } , where max(( |sm |, |tm | )2,
m=1, 2, ... .
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Choose linear functionals fn on L, n=1, 2, ..., in such a way that & fn&2
and
fnm(3nm(sma, tmb))=&3nm(sma, tmb)&.
Let aj, k= fn(0j, k(a, b)) for j+k=n. Observe that by (i) for each
(s, t) # C_C the sequence fn(3n(sa, tb) is bounded, and this implies that
for each (s, t) # C_C the series n=1 fn(3n(sa, tb)) converges, i.e, the
matrix (aj, k) j=, k=j=1, k=1 satisfies the assumption of the Lemma. Simulta-
neously, it fails to satisfy its assertion. This completes the proof.
3. QUASINILPOTENT BL ALGEBRAS ARE BCH
In this section we shall prove:
Let L be a quasinilpotent BL algebra. Then for each pair a, b # L the
BCH series 3(a, b) converges.
Proof. Let a, b # L. We first prove that the series
3(ada , adb)= :

m=1
3m(ada , adb) (6)
converges in the operator norm in B(L).
Denote a b b :=3(a, b). Then a b b b (&a)=eada(b) where the left-hand-
side converges for a, b small enough and the right-hand-side is well defined
for every a, b (cf., [2, 7]). In particular,
etadaetadb(x)=ta b (tb b x b (&tb)) b (&ta)
=(ta b tb) b x b (&ta b tb)=ead(ta b tb)x.
Consider the function F(t)=etadaetadb&I. Clearly F is analytic and since
ad(ta b tb) is quasinilpotent, for t small we get
_(F(t))=_(ead(ta b tb)&I )=[0].
It follows that log(\(F(t)), which by the Vesentini theorem [1, 10] is a
subharmonic function, equals & for all t sufficiently close to 0. Thus, by
H. Cartan’s theorem [3] log(\(F(t))=& for all t, i.e., F(t) is quasi-
nilpotent for all complex t. Consequently, the formula 3a, b(t)=W((F(t))
makes sense for all t.
Note now that for a fixed t say t0 , (the operator F(t0) being quasinilpotent)
by G. C. Rota’s theorem [8] there exists an equivalent norm on L, such
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that the induced operator norm of F(t0) is less then 12 . Now the continuity
of F(t) implies the same for t in some neighborhood U of t0 . It follows that
3a, b as a composition of two analytic functions is itself analytic on U.
Consequently, 3a, b is entire function.
Now for t such that (&adta&+&adtb&)ln2, the classical Dynkin estimates
(cf., [2, 4]) provide absolute convergence of the series 3(adta , adtb) and since
its sum admits extension to the entire function 3a, b(t), the series 3(adta , adtb)
converges for each t, in particular for t=1, and we get the convergence of (6).
Next observe (cf., [6]) that for a, b # L and small enough complex s,
3(sa, sb)=sa+|
1
0
9(eadsaeadtsb) sb dt (7)
where
9(z)=
z log z
(z&1)
=1+ :

n=1
(&1)n
n(n+1)
(z&1)n.
Note by the first part of the proof that for each t and s the operator S(s, t)=
eadsaeadstb&1=ead(ta b tb)&1 is quasi-nilpotent, and the function 9(e3(adsa, adstb)) is
entire with respect to (s, t). It follows that the integrated function in (7) is
entire with respect to (s, t) and the integration with respect to t provides
an entire function 3(sa, sb). Since for small s this function is given by the
BCH series, this series has to be convergent for each s. The substitution
s=1 gives the needed conclusion.
4. BCH ALGEBRAS ARE QUASINILPOTENT
In this section we shall prove the following statement:
Let L be a BakerCampbellHausdorff BL algebra. Then for each a # L
the operator ada is quasi-nilpotent.
Proof. Assume that L is BCH. By Proposition 4 the double series (2)
converges absolutely for each a, b # L so that
3(sa, tb)= :

k=1 \ :

j=1
0j, k(a, b) s j+ tk;
hence

t
3(sa, tb)| t=0= :

j=1
0j, 1(a, b) s j
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where the series on the right-hand-side converges for each complex s and
a, b in L so that for fixed a and b it defines an entire function of s.
Observe that for s small enough this function is related to formula (7)
(cf. [6, p. 69] and defined by the following:

t
3(sa, tb)=9(eadsaeadtb)(b) (8)
where
9(z)=
z log z
(z&1)
=1+ :

n=0
(&1)n+1
n(n+1)
(z&1)n.
It follows that
:

j=1
0j, 1(a, b) s j=9(eadsa)(b)=(9 b exp) b (adsa)(b)
where the function (9 b exp)(z)=z+zez&1 is regular at 0 and has the
only poles at z=2k?i, k=\1, \2.... Hence,
(9 b exp)(z)=1+ :

n=1
(&1)n
n(1+1) \ :

k=1
zk
k !+
n
= :

n=1
;nzn
where
lim sup
n  +
|;n |=
1
2?
.
In particular,
:

n=1
0n, 1(a, b) sn= :

n=1
;n ad na (b) s
n.
Since for a given s the above series converges for each b # L, all the
operators of partial sums
As, m= :
m
n=1
;nad na s
n
have norms bounded by a common constant Cs depending only on s. It
follows that for s{0,
&;nad na &
2Cs
|s|n
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and
\(ada)=lim inf
n  +
(&ad na &)
1nlim inf
n  + \
2Cs
|;n | |s|n+
1n
=
1
|s|
.
This implies \(ada)=0
5. CONCLUDING REMARKS
As a corollary we get the following statement:
A finite dimensional real Lie algebra has globally convergent BCH
series only if it is nilpotent.
For BanachLie algebras the question of integration generally has a
negative solution. There are known examples of so-called nonenlargible
BL algebras (cf., [4]), i.e., such that the evaluated BCH series con-
verges locally, but the local BanachLie group obtained in that way does
not admit any extension to a global group. Quasinilpotent BL algebras
are enlargible, i.e., they do admit the corresponding global BL group.
We do not know answers to the following questions:
Question 1. Are quasinilpotent BL groups amenable?
Question 2. Does each quasinilpotent BL algebra admit injective con-
tinuous representation?
Question 3. (The generalized Engel theorem.) Let X be a Banach space
and L be a BanachLie subalgebra of B(X ) composed of quasinilpotent
operators. Is the associative subalgebra of B(X ) generated by L also com-
posed of quasinilpotent operators?
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